This paper is devoted to a study of relations between two forms of sensitivity of nonautonomous dynamical system and its induced fuzzy systems. More specially, we study strong sensitivity and mean sensitivity in an original nonautonomous system and its connections with the same ones in its induced systems, including set-valued system and fuzzified system.
Introduction
Let f n : X → X be a sequence of continuous maps acting on a compact metric space (X, d). A nonautonomous discrete dynamical systems is a pair (X, {f n } ∞ n=1 ) defined by:
x n+1 = f n (x n ), n ≥ 1,
Note that the autonomous dynamical system is a special case of system (1) when f n = f for all n ≥ 1.
For other notions and notations mentioned in this section, we refer to Section 2. The dynamics of autonomous dynamical system have been extensively studied and many elegant results have been obtained [1, 2, and the references therein]. Nonautonomous systems, also called sequences of dynamical systems, present situations that the dynamics vary with time. These systems can be very complicated and naturally appear as a suitable model to describe real processes. The rich dynamics of non-autonomous discrete systems attract the interest of several researchers, obtaining results on chaotic properties [3] - [7] .
Sensitivity is essential for the concept of chaos. A study of stronger forms of sensitivity has been initiated by Moothathu [8] . Along this line, several elegant results have been obtained [9, 10] . A series of research focus on mean sensitivity [11, 12] . Until very recently, sensitivity of nonautonomous dynamical system has been discussed [13] . Motivated by the idea in [9] , we discuss different kinds of sensitivities in nonautonomous dynamical systems in this paper.
On the other hand, it is well known that every given discrete dynamical system uniquely induces its fuzzified counterpart, i.e., a discrete system on the space of fuzzy sets. It is natural to investigate the relation between dynamical properties of the original and fuzzified systems. Actually, there are quite a few elegant results have been obtained [14] - [21] .
In this paper, we initiate a preliminary study of relations between several forms of sensitivity of the original and its fuzzified nonautonomous dynamical systems. Below, basic notions are introduced in Section 2. Main results are presented in Section 3, where the relations between two forms of sensitivity of the original and fuzzified systems have been discussed, respectively.
Basic concepts and notations

Metric space of fuzzy sets
Let (X, d) denote a compact metric space and let K(X) be the class of all non-empty and compact subsets of X. Define the ε-neighborhood of a nonempty subset A in X to be the set
The Hausdorff metric d H on K(X) is defined by letting For a compact metric space X, the topology generated by d H coincides with the finite topology. It is known that the set of all finite subsets of X, denote by L(X), is dense in K(X).
Define F(X) as the class of all upper semicontinuous fuzzy sets u : X → [0, 1] such that [u] α ∈ K(X), where α-cuts and the support of u are defined by
respectively. Moreover, for each x ∈ X, we denotex the characteristic function of x, it is clear that for for all x ∈ X,x ∈ F(X) and [x] α = {x} for α ∈ (0, 1]. Denote ∅ X the empty fuzzy set (∅ X (x) = 0 for all x ∈ X).
A levelwise metric d ∞ on F(X) is defined by
for all u, v ∈ F(X). It is well known that if (X, d) is complete, then (F(X), d ∞ ) is also complete but is not compact and is not separable.
Zadeh's and set-valued extension
The set-valued extension of a discrete dynamical system (X, f ) is a mapf : K(X) → K(X) defined byf (A) = f (A) for any A ∈ K(X). It is shown thatf is continuous in Hausdorff metric if and only if f is continuous [14] .
The Zadeh's extension of (X, f ) is a mapf :
for any u ∈ F(X) and x ∈ X. It is known that for compact X,f : F(X) → F(X) is continuous if and only if f : X → X is continuous [15] .
A fuzzy set u is piecewise constant if there exists a strictly decreasing sequence of closed subsets {C 1 , C 2 , · · ·, C k } of X and a strictly increasing sequence of real numbers
, the set of piecewise constant fuzzy sets is dense in F(X).
Denote by SF(X) the set of piecewise constant fuzzy sets.
Nonautonomous discrete dynamical systems
For a compact metric space X, let {f n } ∞ n=1 be a sequence of continuous maps, where f n : X → X. An orbit {x n } ∞ n=1 of a point x 1 ∈ X is defined as follows:
x n+1 = f n (x n ), n = 1, 2, · · ·
The set-valued extension of (X,
respectively.
Main Results
In this section, we investigate the relations between several forms of sensitivity of nonautonomous dynamical system and its induced fuzzy systems.
Let (X, d) be a compact metric space and {f n } ∞ n=1 be a sequence of continuous maps on X.
For
for any u ∈ F(X) and x ∈ X.
An orbit {u n } ∞ n=1 of a point u 1 ∈ F(X) is defined as follows:
for any u ∈ F(X).
Definition 1. We say that {f n } ∞ n=1 is strong sensitive if there is a constant δ > 0 such that for every point x and every neighborhood A of x, there is a y ∈ A and an integer n 0 such that d(F k (x), F k (y)) > δ for every n ≥ n 0 .
mean sensitive if there is a constant δ > 0 such that for every point x ∈ X and every neighborhood A of x, there is a y ∈ A such that lim sup
We call (x, y) a mean sensitive pair.
Definition 2. We say that {f n } ∞ n=0 is strong sensitive if there is a constant δ > 0 such that for every fuzzy set u ∈ F(X) and every neighborhood U about u, there is a v ∈ U and an integer n 0 such that d ∞ (F k (u),F k (v)) ≥ δ for every n ≥ n 0 .
mean sensitive if there is a constant δ > 0 such that for every fuzzy set u ∈ F(X) and every neighborhood U of u, there is a v ∈ U such that lim sup
is strongly sensitive, there exist δ > 0 and an integer n 0 such that
for all n ≥ n 0 . Thus it follows from the continuity of {f n } ∞ n=1 and the compactness of [ν] 0 that there exists y * ∈ [ν] 0 such that
On the other hand, since ν ∈ U d∞ (x, ε), we have [ν] 0 ⊂ U d H ({x}, ε) and then y * ∈ U d (x, ε). Consequently, {f n } ∞ n=1 is strongly sensitive in X. Claim 1 If {f n } ∞ n=1 is strongly sensitive in L(X), then it is strongly sensitive in K(X). Proof. Let B ∈ L(X). Since L(X) is dense in K(X), for any ε > 0, there exists A ∈ L(X) such that A ∈ U d H (B, ε). Due to the strong sensitivity of {f n } ∞ n=1 in L(X), there exist a constant δ > 0 and an integer n 0 such that d H (F k (A),F k (B)) ≥ δ for all n ≥ n 0 . This completes the proof.
Apply the similar technique to (F(X), {f n } ∞ n=1 ), the following result is obtained:
n=1 is strongly sensitive in SF(X), then it is strongly sensitive in F(X). Proposition 2. The following conditions are equivalent:
Thus d ∞ (F n (u 1 ),F n (w i )) > δ and then
Therefore, there exists y i ∈ [w i ] α such that d(F n (x 1 ), F n (y i )) > δ for each i. Take B = {y i } k i=1 . Then d H (F n (A),F n (B)) > δ holds for all B ∈ U d H (A, ε) and n > N .
(2) ⇒ (1) Assume {f n } ∞ n=1 is strongly sensitive with sensitive constant δ. To show that {f n } ∞ n=1 is strongly sensitive in F(X), it is sufficient to prove that {f n } ∞ n=1 | SF(X)
is strongly sensitive, as SF(X) is dense in F(X). Let u ∈ SF(X), then there exist a sequence of nested closed subsets {A 1 , A 2 , · · ·, A k } of X and a sequence of real numbers {α 1 , α 2 , · · ·, α k } such that
Since {f n } ∞ n=1 is strongly sensitive, for A k and any B ∈ K(X) with B ∈ U d H (A k , ε 2 ), there exists an integer n 0 such that for all n > n 0 ,
Set
, then we obtain an incresing sequence D 1 ⊂ D 2 ⊂ · · · ⊂ D k of closed sets in K(X). Consequently, we have a piecewise constant fuzzy set ω ∈ SF(X) satisfying
[
It follows from the construction and Lemma 2.2 that
Thus we have for each i = 1, 2, · · ·, k,
Take ν ∈ SF(X) such that
Then from (4), we have
Hence it follows from (3) and (5) that
On the other hand, by (2) and Lemma 2.1, the following
holds, the strong sensitivity of {f n } ∞ n=1 follows.
Proof. Let (F(X), {f n } ∞ n=1 ) be mean sensitive with sensitive constant δ, then for every u ∈ F(X) and every ε > 0 there exists v 1 ∈ U d∞ (u, ε) such that lim sup
Taking u =x ∈ F(X) we have that lim sup
Thus it follows from the continuity of {f n } ∞ n=1 and the compactness of [v 1 ] 0 that there exist y 1 ∈ [v 1 ] 0 and an integer n 1 such that
If (x, y 1 ) forms a mean sensitive pair, then the proof is done. If not, then there exists an integer k 1 with k 1 > n 1 such that n−1 i=0 d(F i (x), F i (y 1 )) ≤ n 1 δ for all n ≥ k 1 . Thus we can find a neighborhood U 1 of
Using the mean sensitivity of {f n } ∞ n=1 again, we have v 2 ∈ U d∞ (ŷ 1 , ε 1 ) such that (ŷ 1 , v 2 ) is a mean sensitive pair, that is,
Therefore, there exist y 2 ∈ [v 2 ] 0 and an integer n 2 > k 1 > n 1 such that n 2 −1 i=0 d(F i (y 1 ), F i (y 2 )) > n 2 δ, and then
, F i (y 1 )) ≥ (n 2 − n 1 )δ.
If (x, y 2 ) forms a mean sensitive pair, then the proof is done. If not, then there exists an integer k 2 with k 2 > n 2 such that n−1 i=0 d(F i (x), F i (y 2 )) ≤ (n 2 − n 1 )δ for all n ≥ k 2 . Again, we can find a neighborhood U 2 of y 2 with U 2 ⊂ U d (y 1 , ε 1 ) such that n 2 −1 i=0 d(F i (x), F i (z)) > (n 2 − n 1 )δ for all z ∈ U 2 . Thus, there exists ε 2 > 0 such that
Proceeding inductively, we eventually obtain either the mean sensitive pair (x, y k ) or a sequence {y n } in U d (x, ε). It follows from the construction that the sequence {y n } converges to a point y 0 . Thus
Hence for each i, we have d ∞ (F i (x), F i (y 0 )) > δ and then {f n } ∞ n=1 is mean sensitive. The following example shows that, in general, the converse of Theorem 3.4 is not true.
